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Introduction
Geometrically, by the elliptic genus of a compact complex manifold Y of dimension n we mean the Euler characteristic: Here q = e 2πiτ , y = e 2πiz . When Y is Calabi-Yau, Z Y (τ, z) is a weak Jacobi form of weight 0 and index n/2 (see e.g. [8, 2] ). Since there is a unique (up to constant) weak Jacobi form of index 3/2 given by (3) θ 1 (τ, 2z) θ 1 (τ, z) , when n = 3, one has
Physically, elliptic genus of a compact Calabi-Yau manifold can be defined as a supersymmtric index of an N = 2 superconformal field theory associated to it (see e.g. [11, 4, 8] ), thus it can then be expressed in terms of some N = 2 characters. Such expressions can often be shown to match with the geometric definition by computing residues of some elliptic functions (see [10, 6, 7] ).
For a noncompact Calabi-Yau manifold, there are still physical definition and computations of the elliptic genera. Eguchi and Sugawara [5] conjectured that (4) also holds for noncompact Calabi-Yau 3-folds. Unfortunately elliptic genera of noncompact complex manifolds have not been defined geometrically in general. To make sense of this conjecture, one has to first make a suitable definition.
In this paper we will focus on toric Calabi-Yau 3-fold and use the torus action to define equivariant elliptic genera. We will not use the full 3-torus but instead restrict to a 2-torus that preserves the holomorphic volume form. We will show that the equivariant elliptic genera of toric Calabi-Yau 3-folds are generalized weak Jacobi forms in the sense of §2.4. We will also introduce a notion of balanced toric Calabi-Yau 3-fold. A typical example is the resolved conifold O(−1) ⊕ O(−1) → P 1 . We prove (4) for balanced toric Calabi-Yau 3-folds by establishing it first for the resolved conifold. For general toric CY 3-folds, we introduce a notion of averaged equivariant elliptic genera that are suitable for the purpose.
It is very interesting to compare the compact case and the noncompact case. In both cases some kind of localization formula is used. In the former it is Cauchy's residue formula, in the latter it is AtiyahBott's Lefschetz formula [1] .
The rest of the paper is arranged as follows. In §2 we show that the equivariant elliptic genera of toric Calabi-Yau 3-folds are generalized weak Jacobi forms. In §3 we define balanced toric Calabi-Yau 3-folds and show that they satisfy (4). We also define averaged equivariant elliptic genera and show that they are given by (4) . To conclude this paper, we propose a definition of elliptic genera of general noncompact complex manifolds in §4.
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Equivariant Elliptic Genera of Toric Calabi-Yau 3-Folds
In this section we first briefly recall the definition of equivariant elliptic genera of toric Calabi-Yau 3-folds. (This is based on AtiyahBott-Lefschetz formula [1] . See [9] for more examples of computations of equivariant indices using this formula. ) Next we show that they are generalized weak Jacobi forms.
2.1. Toric Calabi-Yau 3-folds. Such spaces can be described by planar diagrams Γ satisfying the following conditions. Each vertex either has three incident edges (it will then be called a trivalent vertex) or has only one incident edge (it will then be called a univalent vertex). At each trivalent vertex v of Γ, the three incident outgoing edges are in the directions of three vectors w 
2.2. Equivariant elliptic genera of toric Calabi-Yau 3-folds. We will identify the vector w
The equivariant elliptic genus of a toric Calabi-Yau 3-fold Y associated to a toric diagram Γ is given by
, where θ 1 is the theta function defined by:
From these it is straightforward to deduce the following transformation formulas: 18) 2.4. Generalized weak Jacobi forms. We make the following definition. Suppose that φ : H × C n+1 → C is a holomorphic function, where H is the upper half-plane, such that
φ(τ, z; t 1 , . . . , t j + τ, . . . , t n ) = φ(τ, z; t 1 , . . . , t n ), j = 1, . . . , n, (22) φ(τ + 1, z; t 1 , . . . , t n ) = φ(τ, z; t 1 , . . . , t n ), (23)
Furthermore, φ is assumed to have a Fourier expansion with nonnegative powers of q. Then we say φ is a generalized weak Jacobi form of weight 0 and index r, with extra variables t 1 , . . . , t n . With this definition, we then have 
Averaged Equivariant Elliptic Genera of Toric Calabi-Yau 3-Folds
In this section we present some examples of toric Calabi-Yau 3-folds called balanced toric CY 3-filds whose equivariant elliptic genera are independent of t 1 and t 2 and given by the prediction of Eguchi-Sugawara. For general toric CY 3-fold we introduce a notion of averaged equivariant elliptic genera that have the same property.
The equivariant elliptic genus of the resolved conifold.
Our main result is: Theorem 3.1. The equivariant elliptic genus of the resolved conifold is independent of t 1 and t 2 , and it is given by:
This is in agreement with the prediction by Eguchi-Sugawara [5, (3.48)]:
,
There is a difference of a factor 1/2 with (3.39) of the same paper.
Proof. Recall
where
, q = e 2πiτ , y = e 2πiz , u = e 2πit 1 and v = e 2πit 2 . As meromorphic functions in u, A(q, y, u) and A(q, y, u −1 ) have first order poles at q n , n ∈ Z, A(q, y, u) and A(q, y, u −1 ) have first order poles at v −1 q n , n ∈ Z. It follows that as a meromorphic function in u, Z O P 1 (−1) ⊕2 (q, y, u, v) has only simple poles at t 1 = mτ + n and t 1 = −t 2 + mτ + n (m, n ∈ Z). By some straightforward calculations, one gets for all m ∈ Z, (
From these one can easily deduce that
for all m, n ∈ Z. It follows that Z O P 1 (−1) ⊕2 (τ, z, t 1 , t 2 ) is holomorphic in t 1 . Since it is double periodic with periods 1 and τ , it is independent of t 1 . So is it in t 2 by the obvious symmetry between t 1 and t 2 . Therefore,
is a weak Jacobi form of weight 0 and index 3/2. The proof is completed by the fact that [2] the space of such forms is one-dimensional and is spanned by
. By this Theorem we obtain the following identity for theta function: 
Proof. Let Γ be the toric diagram of Y . For any vertex v ∈ V (Γ), let v ′ be its balancing vertex. Then by (32) we have
Here in the last equality we have used the fact that χ(Y ) equals the number of torus fixed points.
3.4.
Averaged equivariant elliptic genera of toric CY 3-fold.
Inspired by the result of last section, we introduce a notion of the averaged equivariant elliptic genus of a toric CY 3-fold:
By almost the same proof of Theorem 3.2 one gets:
Let Y be a toric 3-fold. Then its averaged equivariant elliptic genus is independent of t 1 and t 2 , and it is given by
This establishes [5, (3. 48)] for general toric CY 3-folds. By comparing with Example 3 in Eguchi-Sugawara [5] , our averaging of the equivariant elliptic genus seems to play the role of their assumption of the "charge conjugation symmetry".
A Definition of Elliptic Genera of Noncompact Complex Manifolds
In this section we propose a definition of elliptic genus of a noncompact complex manifold with a compactfication to a compact smooth manifold by adding a divisor with normal crossing singularities. It is inspired by the construction of mixed Hodge structures on the cohomology nonsingular quasiprojective varieties by Deligne [3] . The reason for making this definition is that when there is a T 2 -action on a compact 3-fold M such that D is also T 2 -invariant, then by considering the equivariant version we can get back the equivariant elliptic genus used in preceding sections. 
